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Abstract. The affine cancellation problem, which asks whether com- 
plex affine varieties with isomorphic cylinders are themselves isomorphic, 
has a positive solution for two dimensional varieties whose coordinate 
rings are unique factorization domains, in particular for C 2 , but coun- 
terexamples are found within normal surfaces (Danielewski surfaces) and 
factorial threefolds of logarithmic Kodaira dimension equal to 1. The 
latter are therefore remote from C 3 , the first unknown case where the 
base of one cylinder is an affine space. Locally trivial G a -actions play 
a significant role in these examples. Factorial threefolds admitting free 
Ga-actions are discussed, especially a class of varieties with negative 
logarithmic Kodaira dimension which are total spaces of nonisomorphic 
Ga-bundles. Some members of the class are shown to be isomorphic as 
abstract varieties, but it is unknown whether any members of the class 
constitute counterexamples to cancellation. 



1. Introduction 

Let G a denote the additive group of complex numbers, and X a complex 
affine variety. Throughout, an action of G a on X means an algebraic action. 
Every such action can be realized as the exponential of some locally nilpotent 
derivation 5 of the coordinate ring C[X] of X and every locally nilpotent 
derivation gives rise to an action. The ring C$ of G a -invariants in C[X) is 
equal to the ring of constants of the generating derivation. 

An action a : G a x X — > X is said to be equivariantly trivial if there is 
a variety Y for which X is G a -equivariantly isomorphic to Y x G a , where 
G a acts on Y x G a by translations on the second factor. In this case Y is 
affine and X the total space of a trivial G a -bundle over Y. A section for the 
bundle can be identified with the zero locus of a regular function s £ C[X] 
for which 5s = 1. Such a function is called a slice; if one exists, C[X] = Cq[s] 
and Y = Spec Co- The action is said to be locally trivial if a geometric 
quotient it : X — > Y exists in the category of algebraic spaces for which tt is 
a principal G a -bundle. The action is said to be proper if the morphism 

a x id : G n x X ^ X x X 
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is proper. 

The main point of the paper is to investigate the class of hypersurfaces 

X m ,n ■ x m v -y n u=l 

in A 4 = Spec(C[x, y,u,v]), where m, n are positive integers. Since the 
polynomial x m v — y n u = 1 is an invariant for the G a action 

t(x, y, u, v) = (x, y,u + tx m , v + ty n ) 

on A 4 , the X m , n are stable under this action. Moreover, with A 2 = A 2 \{0}, 
the complement of the origin in the complex affine plane, the X m ^ n , or 
rather the cohomology classes in H 1 (Al, 0^2) of the Cech coycles x~ m y~ n G 
C[a; , y^ 1 ], constitute a natural basis for the set of isomorphy classes of 
principal G a -bundles over A 2 . As seen below, these varieties can be viewed 
as globalizing the local structure of arbitrary smooth threefolds with locally 
trivial G a -action. 

Similarly constructed threefolds were investigated in [7] as factorial coun- 
terexamples to a generalized cancellation problem: 

If X x A 1 2* Y x A 1 is X ^ Y ? 

Those examples arise from principal G a -bundles over the smooth locus of 
factorial surfaces of logarithmic Kodaira dimension 1, hence admit no non- 
constant morphism from A 2 . As such they differ substantially from affine 
three space. As total spaces for G a -bundles over A 2 the varieties X m ^ n con- 
sidered here are closer in spirit to affine spaces and also have isomorphic 
cylinders. For distinct pairs (m, n) the corresponding varieties X m ^ n repre- 
sent nonisomorphic G a -bundles, nevertheless some of them turn out to be 
isomorphic as varieties. We do not know as yet whether any pair of them 
provides a counterexample to cancellation. 

For factorial affine varieties, i.e. those whose coordinate ring is a unique 
factorization domain (UFD), local triviality is equivalent with the intersec- 
tion of Cq with the image of 5 generating the unit ideal in C[X] [2j. In 
this case the geometric quotient has the structure of a quasiaffine variety. 
To see this explicitly, consider a locally trivial G a -action on a factorial affine 
variety X and let 8(a±), 5(a n ) £ Cq generate the unit ideal in Cpf]. The 
geometric quotient is embedded as an open subvariety in Spec R for an in- 
tegrally closed ring R constructed as follows. Set Ri = C[X, ^-y] Ga - Note 

that C[X, jt^tj] = ^[5^77] so ^at Ri is a finitely generated C-algebra, say 

Ri — C[6ji, ...,6j m , 



8(ai) ' 

with bij £ Co. Define R to be the integral closure of C[6y, <5(aj)|l < i < 
n, 1 < j < m]. The map ir : X — > Spec(i?) induced from the ring inclusion 
is smooth, hence open, and endows its image U with the structure of a geo- 
metric quotient. Moreover, for the open cover U = {Ui = Spec(i?j)}i<j< n 



FACTORIAL THREEFOLDS WITH ENACTIONS 



3 



of U, the Cech cocycle 

l <5( ai ) 5(a a )'-"'5(o n _i) <5(a„) j ^ U) 

defines the structure of ir : X — > [/ as a principal G a -bundle. 

Recall that for an integral domain R with quotient field i^, the transform 
of R with respect to the ideal /, written Tj(R) is U„>o{a £ K\al n C i?}. 
The ring of G a -invariants is isomorphic to the ring of sections of the structure 
sheaf of Spec(-R) on U, hence to Tj(R) where / defines the closed subscheme 
Z = Spec(i?) \ U equipped with its reduced structure. It is clear from the 
construction that / = \J (5(ai), ...,5(a n )). Since R is normal, R = Co if all 
components of Z have codimension > 2 (equivalently if I is contained in no 
height one prime ideal of R). 

In case the dimension of X is less than or equal to three, a theorem of 
Zariski |14t p. 45] implies that Cq is a finitely generated C-algebra. Combined 
with the fact that the complement of a pure codimension one subvariety of 
a two dimensional normal affine variety is again an affine variety [14^ p. 45], 
the following ring theoretic criterion for triviality of a G a -bundle with a 
three dimensional affine factorial total space X is obtained: 



Let X be an affine factorial threefold with a locally trivial G a -action gen- 
erated by the locally nilpotent derivation 5 of C[X]. With the ring R, ideal 
I, and Z, U as above, let J = n icp P ■ Then Cq = TjR and the action is 

ht p=i 

equivariantly trivial if and only if J = I. 

Indeed, since the complement W of the zero locus of J in Spec(i?) is 
affine, every principal G a -bundle over W is trivial. If J properly contains 
/ then U is equal to the complement of a finite but nonempty subset of 
Spec(Co) (since / is a radical ideal, the Nullstellensatz implies that it has 
no embedded primes). In particular, U is not affine, and therefore neither 
is U x A 1 . 

More generally, a set-theoretically free action of an algebraic group on 
a normal variety admits a geometric quotient in the category of algebraic 
spaces, and the quotient map is a locally trivial fiber bundle in the etale 
topology. In this context, the properness of the action is then equivalent to 
the separatedness of the algebraic space quotient. Restricting now to proper 
G a -actions on normal quasiaffine threefolds, we obtain that the quotient 
exists as a quasiprojective variety and that the quotient map is locally trivial 
in the Zariski topology. Indeed, the quotient embeds as an open subset of 
a normal two dimensional analytic space. By Chow's lemma we know that 
a desingularization is quasiprojective, hence the quotient is the image of 
a quasiprojective variety under a proper morphism. As such it is again 
quasiprojective. That the quotient morphism is a Zariski locally trivial 
G a -bundle follows for instance from [131 Prop. 0.9] 
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All proper G a -actions on quasiaffine surfaces are known to be equivari- 
antly trivial. For normal surfaces this was observed in [3], but again, an 
application of [131 Prop. 0.9] gives the result in general. All fixed point free 
actions on contractible threefolds are equivariantly trivial [9] . Examples of a 
nonlocally trivial proper action on A 5 and on a smooth factorial fourfold are 
also discussed in [3]. The latter example is isomorphic to a cylinder over an 
affine variety which itself has the structure of the total space of a principal 
G a -bundle over the punctured affine plane A*, the topic of the subsequent 
sections of the present work. Except for special kinds of actions [4], the 
issue of local triviality of proper Cjr a -&ctioris on the affine four-space A 4 is 
unsettled. 

Replacing the smoothness hypothesis on the affine threefold X by fac- 
toriality and smoothness of the ring of G a -invariants, the following lemma 
of Miyanishi [12J leads to a local description of X. 

Lemma 1. Let (C,m) be a regular local ring of dimension n>2 and let 
A be a factorial, finitely generated O-domain with O A. Let f : X —* Y 
be the morphism induced by the ring inclusion, where X = Spec(A) and 
Y = Spec(O). LetU = Y \{m}. Assume that fo : f'^U) ^UisanA 1 - 
bundle. Then either X = Y x A 1 or / _1 (m) = (the latter is only possible 
ifn = 2). 

Corollary 1. Let X be a smooth affine factorial threefold with a locally 
trivial G a -action that is not equivariantly trivial. Let 5 be the derivation 
generating the action and I = \/Cq H ker 5C [X] . Assume that Co is regular. 
For a maximal ideal m of Co, set S = Co \ ttt. Then with u,v denoting 
algebraically independent indeterminates, 

(1) S^CIX] =(C ) m M ifl$m and 

(2) S' _1 C[A] =(Co) m [u, v]/(au— bv — 1) for some regular sequence (a,b) 
in m if I c m. 

Proof. Since S C Co, the action extends to S'~ 1 C[A A ]. Since the action 
is not equivariantly trivial , ICq ^ Cq. If / ^ m, then 5 _1 C[A] contains a 
slice. If I C m, then apply the lemma to O = (Co) m and A = S~ 1 C{X] to 
see that mS' _1 C[A] = C[A]. On the other hand, no proper principal ideal 
of (C )m blows up in S^CpT]. □ 

The X m)n above represent a class of global versions of case 2. 

Example 1. Using a cover by the principal open subsets i / 0,1/ / 0, 
one sees that a "basis" for the principal G a -bundles over A^ is given by 
the affine varieties X mn C A 4 defined by x m v — y n u — 1 = where m, n 
are positive integers. These correspond to the Cech 1-cocycles x~ rn y~ n 
relative to the given cover of A^ . The X m ^ n are smooth factorial threefolds 
with locally trivial G a -action generated by the locally nilpotent derivation 
S '. u i — ^ x m i— > 0, v i — ^ y n i — ^ 0. Since A^ is a geometric quotient, Co = 
C[x,y]^T(AlO A 2). 
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Regularity of Co is not a necessary condition for the conclusion of the 
corollary. 

Example 2. Let A = C[x,y, z]/(x 2 + y 3 + z 5 ), the coordinate ring for 
the analytically factorial singular surface S, and set U = S\ {0}, the smooth 
locus of S . Using the cover of U by the two open subsets S x U S y „ the 
cohomology classes of the Cech cocycles x~ m y~ n z k , < k < 4 constitute a 
basis for ^(UjOu). Consider the affine threefolds Z m ^ n ^ C A 5 defined by 

x m v -y n u-z k = 0, x 2 + y 3 + z 5 = 0, < k < 4 

for < k < 4 . With Tr m ,n,k '■ ^m,n.fc — ► 5" induced by the ring inclusion 
A C £.[Z m ^ n ^], the cocycle x~ m y~ n z k corresponds to the principal G a - 
bundle over U with total space E m ^ n ^ = tt~ 1 {U) and bundle projection tt. 
Then E m ^ n ^ is smooth, factorial, affine threefold admitting a locally trivial 
G a -action with quotient isomorphic to U . 

Smoothness of E m , n ^ is clear from the defnition and factorialty follows 
from the fact that tt is a Zariski fibration with base and fiber having trivial 
Picard group [10J. In fact E m ^ n ^ is the quotient of a principal G a -bundle 
over by the action of a finite group (the binary icosahedral group). We 
will see in the next section that all nontrivial G a -bundles over A^ have affine 
total spaces and deduce that the -E m , n ,A; are affine by Chevalley's theorem. 

The counterexamples to cancellation in |7J are constructed analogously 
to the -E mj n,fc! i-e. as principal G a -bundles over surfaces 

S a ,b,c :x a + y b + z c = 0, - + \ + - < 1 

a b c 

punctured at the singular point. The numerical criterion - + | + - < 1 
enabled the distinction of the total spaces as affine varieties. We do not 
have analogous results for the E m ^ n ^. 

2. Principal G a -bundles over A^ = A 2 \ {0} 

We start with the observation that the total spaces of nontrivial principal 
G a -bundles over A 2 are always affine schemes. Indeed, a nontrivial Cech 
cocycle with value in A 2 for the covering of A 2 by the open subsets {x ^ 0} 
and {y / 0} can be written as g = p(x,y)x~ m y~ n G C[x ±:L , y^ 1 ] with 
deg x p < m, deg y p < n and denote by X(m,n,p) the total space for the so 
determined bundle over A 2 . Set 

A = C[x, y, u, v]/ (x n v - y m u - p(x, y)) 

so that X(m,n,p) is isomorphic to Spec(^4) \V(I) where / = (x,y)A. 

If p(0, 0) ^ then X(m, n,p) is the zero locus of x m v — y n u— p(x, y) in A 4 . 
Assume then that p(0, 0) = and note that I is a height one prime ideal in A. 
We show that IT^A) = T Z (A) to conclude that X(m,n,p) = Spec(A)\V(I) 
is affine. Write p(x,y) = Ya=o Pi( x )y l 
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Case 1 : po(x) / 0. Let a > 1 be the multiplicity of as a root of p and 
write po(x) = x a qo(x). From 

k 

p(x,y) = x a q (x) +y^2pi{x)y l ~ 1 
i=i 

we obtain 

x m ~ a - go = y^u + T.tiPii^y 1 - 1 T (A) 

y x a I[ '' 

Thus q (x) e ITi(A), but go(0) / implies that ITi(A) = Tj(A). 

Case 2: Po (x) = 0. Write p(x,y) = y b Y,i=o with q (x) / 0. 

From 

k-b 

x m v = y b [y n - b u + J2q t (x)y t ] 

we obtain 

y b x m J V > 

Then v = y b w so that in Ti(A), 

k-b 

m b n b \ y / \ i 

x y w -y u = y 2_^qi[x)y 

i=0 
k-b 

x m w-y n ~ b u = qi{x)y l . 

i=0 

Replace A with A' = C[x,y,u,v}/(x m w - y n ~ b u - J2i=o ni^) to re- 
duce to Case 1. 



The topological universal cover of the E m ^ n ^ of the previous section 
can be viewed as a principal G a -bundle over A* and therefore as a "linear 
combination" of X m ^ n in the sense of Cech 1-cocycles. Indeed, for G the 
binary icosahedral group embedded in GL2(C) it is well known that A^/G = 
U and that the etale mapping tt : A^ — > A^/G is the universal topological 
covering. Thus, given a nontrivial G a -bundle E m ^ n ^ over U, we obtain by 
base extension E m ^ n ^ = A^ xjj E m ^ n ^ a nontrivial principal G a -bundle 
over A^ whose total space yields the universal covering space of E m ^ n ^. 
Moreover, E mn k is recovered as E mn } z jG where the finite group G acts 
freely on the first factor. It follows that each E mtn ^ is affine, smooth, and 
factorial. Finally, since E m ^ n ^ — > E m ^ n ^ = E m ^ n ^jG is a finite morphism, 
E m ,n,k is affine (and smooth, factorial) by Chevalley's theorem. 

The varieties X m ^ n (resp. E m)Tl ^ in the preceding examples are total 
spaces for principal G a -bundles over the quasiaffine A^ (resp. U). The base 
extension X m;n x A 2 X p>q is therefore a principal G a -bundle over both X m ^ n 
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and X Pi g for any m, n, p, q. Since they are affine, we obtain X m ^ n x A = 
X P)q x A 1 and the same holds true for the cylinders over the Emn.k- 

The well known Danielewski surfaces D(n) given as the zero loci of the 
polynomials y 2 — 2x n z — 1, n > in A 3 provide smooth but nonfactorial 
counterexamples to the generalized cancellation problem. In fact for n ^ m, 
D{n) and D{m) are not even homeomorphic in the Euclidean topology. In 
contrast, all X m ^ n (resp. -E'm.n.fc) are homeomorphic to A 2 x A 1 (resp. 
U x A 1 since, as principal bundles, the Euclidean topology of the base has 
a countable basis and the fiber is solid |17j . 

These considerations apply to any of the affine surfaces in A 3 with a 
rational double point (quotient singularity) at the origin. Principal G a - 
bundles over the quasiaffine surface obtained by puncturing at the singular 
point will again produce potential counterexamples to the generalized affine 
cancellation problem. The surface defined by x 2 + y 3 + z 5 = was chosen for 
its historical significance and the fact that its singularity is the unique one 
that is analytically factorial (hence "closest" to the affine plane A 2 ). But 
we do not know whether or not the total spaces are isomorphic as varieties 

On the other hand, the construction does provide cancellation coun- 
terexamples for other quotient singularities. The following example relies 
on the Makar Limanov invariant of an affine domain A : 

ML(A) = n{ker£ : 5 is a locally nilpotent derivation of A} 

Example 3. Let U = S \ {0} where S C A 3 is defined by 

x 2 + y 2 z + z c = 0, c > 3. 

It is well known that S = A 2 /G where G is the binary dihedral group of 
order 4c. Define X m ^ n {G) C S x A 2 by x m v — y n u — 1 = where m, n are 
positive integers. Then 

(1) X m>n (G) is not factorial, but MI(C[I m , n (G)]) = C[S]. To see this, 
let 5 be locally nilpotent with kernel R, and K = Frac(-R). Then 
the extension of 5 to K C[X mjn (G)] has a slice s and 

K ® R C[X m , n (G)) ^K[s], 5(a) = 1 

and K is the kernel of the extended derivation. If deg s (z) > 0, 
then z(s) divides both x(s),y(s) contradicting x m v — y n u = 1. Thus 
from which it follows that both x,y £ R. 

(2) X mjTl {G) = X P;q (G) if and only if (m,n) = (p,q). This follows 
from arguments analogous to those in [7] and the fact that any 
automorphism of C[Y] is of the form (a;, y, z) i— > (p-ix, \i%y, n%z) for 
certain roots of unity \X{ [llj . 

(3) A 2 xjj X mtn (G) -> X mtn (G) is an etale covering. 

Note that the total spaces A 2 xjj X mjn (G) of these principal G a -bundles 
over A 2 are not isomorphic as G- varieties, but it is possible that there is 
some abstract isomorphism between them. 



8 



ADRIEN DUBOULOZ, DAVID R. FINSTON, AND PARAG DEEPAK MEHTA 



It is a classical result going back to Klein that the ring of invariants 
C[x, y] G for the natural action of a finite subgroup G of SL2(C) on A 2 
corresponding to the quotient surface singularities can be generated by 3 
homogeneous polynomials. As a consequence, affine threefolds of the type 
X mjn [G) for such G can be interpreted as quasihomogeneous varieties with 
respect to a grading determined by the generators of C[x,y] G . Properties of 
such quasihomogeneous threefolds will be addressed in future work. 

3. Isomorphy Classes of X m ^ n 
Recall the hypersurfaces X m ^ n C A 4 = Spec(C[x, y, u, v]) defined by 

x m v - y n u = 1 

with mn ^ 0. The main result of this section shows that at least for some 
distinct pairs {m,n} ^ {p,q} we have X m ^ n = X p>q . 

In his investigation of complex surfaces with G a -actions [5j, torn Dieck 
observed that X m)7n admits a free action of a semidirect product structure 
G2m on G m x G a for which X m ^ m jG2m — P 1 and X m ^ m — » P 1 is a principal 
G ! 2m-bundle. Moreover, the induced mapping X rn ^ rr ilG rn — > IP is diffeomor- 
phic to the complex line bundle Opi(-2m). The quotient X mtTn /G m turns 
out to be isomorphic to the Danielewski surface D(m) : y 2 — 2x m z = 1 
and the latter can thus be distinguished topologically for distinct values of 
m. A related construction enables us to prove the existence of an algebraic 
isomorphism X mn = X p ^ q \l m + n = p + q albeit with a different analysis 
of the structure. 

For a given (m, n) we have actions of G m and G a on X m>n given respec- 
tively by 

Gjtj x X m n > X m n 
(X,(x,y,u,v)) i — > (Xx,\y,X' n u,\- m v). 

G a x X rn n * X m ^ n 
(t,(x,y,u,v)) i — > (x,y,u + tx m ,v + ty n ) 

The G a -action is generated by the derivation 5 : u i— ► x m i— > 0, v \—* 
y n i— > and the so determined principal G a -bundle tt : A m>n — > A 2 is 
trivialized over the open covering of A 2 by the open subsets 

U x = {x + 0} and U y = {y + 0} 

Writing 9 : (G m x G a ) x X m , n — » X m ^ n for the composite action, note that 

8((X,t),(x,y,u,v)) = (Xx,Xy,X- n u + tX- n x m ,X- m v + tX- m y n ) 

= (Xx, Xy, X~ n u + tX- (m+n) {Xx) m , X~ m v + tA" (m+n) (Xy) n ) 
= 9((X,X-( m+n k),(x,y,u,v)) 



and 
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Set d = m + n. Prom the last equation it is clear that X mn is equipped with 
a free action of the semidirect product Gd = G m x d Get with multiplication 

(X,t) (A',0 = (XX', t + X d t'). 

The open covering n (U X )U it~ 1 (U x ) that trivializes the G a -action on 
X m>n is clearly G^-stable as well. We let 

V x = 7r-H^) = Spec(C[x ±1 ,y,«^]/(x m ? ;-y n M -l))^Spec(C[ a ; ±1 , 2 /, U ]) 
V y = TT- 1 (U y )^Spec(C[x,y ±1 ,u,v}/(x m v-y n u-l))^Spec(C[x,y ± \v}). 
Setting 

(ui,Ti,Li) = (yx _1 ,a; n n,x) and (u 2 ,T 2 ,L 2 ) = (xy^ 1 ,y m v,y) 

and observing that «j are G^-invariant, arc G m -invariant and translated 
by the G a -action (vice versa for Li), we obtain G^-equivariant trivializations 

V x Spec(C[x ±1 ,y,n])^Spec(C[n 1 ][T 1 ,L 1 ,^ 1 ])^A 1 xG, 

^ Spec(C[x,y ±1 ,w ]) = Spec(C[it 2 ] [T 2 , L 2 , L^ 1 ]) = A 1 x G d . 

Gluing V x /Gd — Spec(C[ui]) and V y /Gd — Spec(C[u 2 ]) over their inter- 
section Spec(C[«i, u^ 1 ]) via u\ i— ► u^ 1 we obtain a quotient 

TT ■ X -ifi ~ pi 

n m,n • J *-m,n ' ^m,n — 

which is a Zariski locally trivial principal G^-bundle. Transition isomor- 
phisms are given by L 2 = y = u\L\ and 

T 2 = y m v = (^-) m x m v = uT(l + y n u)=uT(l + u r iT 1 ) 
x 

= n™+nfTi 

proving 

Proposition 1. The threefold X m ^ n admits the structure of a principal 
Gm+n-bundle over P 1 that is locally trivial for the Zariski topology. The 
transition isomorphisms for this bundle are 

(L, T) .— ► (uL,u m+n T + u m ). 

In contrast to the differential-topological context of [5] we cannot con- 
clude that the induced mapping X m ^ n jG m — > C m ,n — P 1 is algebraically 
isomorphic to the line bundle Opi(— (m + n)) (the translation part of the 
transition isomorphism cannot be algebraically contracted away). Neverthe- 
less, we can conclude from the discussion above with d = m + n, that 

Corollary 2. (1) The quotient X m ^ n /G m is isomorphic to the 
affine surface S d , m which is the total space of the Of>i(—d)-torsor 
P '■ Sd, m ~~ > I" 1 with transition isomorphism T i— ► u d T + u m . 
(2) Pic(5d, m ) = H 1 (S'rf im , 0* Sd ) = Z anc? i/ie isomorphism class of the 
G m -bundle X m>n — ► Sd, m is a generator ofPic(S^ m )- 
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Proof. The second assertion follows from the fact that every A 1 -bundle 
over P 1 can be realized as the complement of a section C in a suitable P 1 - 
bundle over IP 1 \18\ Theorem 2.3] {Sdm is explicitly realized this way in the 
proof of Theorem 1 below). The latter have divisor class group isomorphic 
to Z 2 , generated by the classes of a fiber and a section that can be chosen 
to be precisely C. Thus the divisor class group of Sd, m is isomorphic to Z, 
generated for instance by the class of a fiber of p. □ 

The isomorphism class of X m ^ n as a variety is therefore determined by a 
generator of Pic(£<2,m)> and moreover is independent of the choice of gener- 
ator. Indeed, choosing the other generator yields the G m -bundle X m , n over 
Sd,m with transition isomorphism (L,T) i — > (n _1 L , u d T + u m ) . The coor- 
dinate change L = L" 1 on the fibers of the bundle yields an isomorphism 

X m ,n * X mn . 

The structure of Sd, m as an Opi (— d)-torsor (actually as an A 1 -bundle 
over P 1 ) enables the application of a famous theorem of Danilov-Gizatullin 
PQ to determine its isomorphy class as an affine surface (for a recent proof 
of this theorem see [6]). 

The transition isomorphism T i — ► u d T + u m determines an A 1 -bundle 
over P 1 which in turn can be completed to the P 1 -bundle ¥{£), where £ is 
the rank 2 vector bundle over P 1 with transition matrix 

4 



M 



u 




u 



1 



corresponding to a non trivial extension 
-» Opa(-d) £ 



0. 



Since the goal is to show that X mtn = X PA if p + q = m + n, and obviously 
X mn = X nm , we will assume that m > n. The results and terminology 
about ruled surfaces in what follows can be found in [HI V.2]. 

Lemma 2. The total space of the P 1 -bundle P( £ ) — > P 1 is isomorphic 
to the Nagata-Hirzebruch surface ¥2 m -d- 

Proof. It suffices to show that £<8>Opi(m) is normalized, i.e. that 

R°(£ P i(m)) / and H°(£ ® C P i(m - 1)) = 0. 

Indeed, if these conditions hold, then by counting degrees, £ (g> Opi(m) = 
) P i(2m - d) and, as is well known, ¥(£) =¥(£ ® ¥ x(m)) = ¥ 2m -d- 



O 



The vector bundle £ (g> Opi (j) has transition matrix 



Mi 







u 
u 



and a nonzero global section for this bundle corresponds to a pair of nonzero 
vectors 



9 



9i 

92 



e C[u] x C[u] and h 



ho 



€ Cf^ 1 ] x C[i 
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with Mj ■ g = h For j = m — 1 this would mean 

hi = u d ~ m+l gi +ug 2 
h 2 = u(u d - m gi +g 2 ) 

which is impossible as d > m. For j = m we have, for example, 



9 




1 



and h 



u 



1 

-m 



□ 



Theorem 1. Let d = p + q = m + n. Then X m>n = X p<q as abstract 
varieties. 

Proof. As noted above, since X mn — X nm , we may assume without 
loss of generality that m > n, so that 2m > d. With the notation of the 
corollary, X mn is the total space of a G m -bundle over m which in turn 
is the total space of an Opi (— d)-torsor over P 1 . Choosing homogeneous 
coordinates [u : v] on the fibers F of the P^bundle P(£) ^ F 2m _ d ^P 1 , S d>m 
is obtained as the complement of the section v = 0. The associated divisor 
is C + mF where C is the special section with self-intersection d — 2m. The 
self-intersection of C + mF is calculated as 

(C + mF) 2 = C 2 + 2mC.F = -{2m -d) + 2m = d 

and thus depends only on the sum d = p + q = m + n. 

The theorem of Danilov-Gizatullin says exactly that Sd, m and Sd, p are 

isomorphic as affine surfaces. An isomorphism Sd, m Sd p carries a genera- 
tor of Pic(Sd tP ) to a generator of Pic(Sd, m ) under the induced isomorphism 

Pic(S d , p ) £ Pic(S d , m ). 

Since the class of X nhn (and X m>7l ) generates Pic(S d , m ) and X m>n ^ X m>n 
we obtain the isomorphism X m)Tl = X PA . □ 

While it appears to be rather difficult to construct an explicit isomor- 
phism between even the first interesting examples, X 2)2 and X3 i, one can 
check that X 2 ^ 2 admits the structure of the principal G a -bundle over 
corresponding to the Cech cocycle x~ 3 y. 

Example 4. Set 

a{x,y,u,v) = x-^y 

{6x-y) (3y-2x) 
b(x,y,u,v) = v u 

5 5 15 5 

w(x,y,u,v) = — v 2 x H — vxu v 2 y vyu + u 2 x u 2 y 

16 2 32 4 2 
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The morphism 

^ : X 2)2 ^A^Spec(C[a,6])\{0}. 

(x, y, u, v) i ^ (a(x, y, u, v),b(x, y, u, v)) 

is a G a -bundle corresponding to the Cech cocycle a~ 3 b. In particular, one 
can check that the assignment 

a 3 1 
x i— > — , i/ho 3 , u i— > xb — -, v i ^ 2y6 — 1 

extends to a locally nilpotent C-derivation 5 on ^2,2 = C[x, y, u, v]/{x 2 v — 
y 2 u — 1) with a, b G ker(<5) and 

<5(y + a + a&) = a 3 , <5(io) = b. 

Since (a 3 , 6)^2,2 = -A22, we obtain a locally trivial G a -action on X 2; 2 with 
quotient isomorphic to A 2 corresponding to the Cech cocycle 

y + a + ab w 1 
a 3 6 a 3 6 

4. A more general class of examples 

A refinement of the arguments in the previous section enables a de- 
scription of the isomorphy classes of total spaces of principal G a -bundles 
defined by arbitrary homogeneous bivariate polynomials in terms of the 
X m ^ n . Let f,g € C[x,y] be arbitrary homogeneous polynomials such 
that Spec (C [x, y] / (f,g)) is supported at the origin of A 2 and consider 
affine threefolds X^ g in A 4 = Spec (C [x,y,u,v]) defined by the equations 
fv — gu — 1 = 0. Again, these threefolds come naturally equiped with the 
structure 7Tj j9 : Xf g — > A 2 of G a -bundles over the complement of the origin 
in A 2 = Spec (C [x, y}) by restricting the projection p XjJ/ : A 4 — ► A 2 to Xf ;9 . 
The latter becomes trivial on the covering of A 2 by means of the principal 
affine open subsets 

Uf = Spec [x, y] j^j and U g = Spec [x, y]^ . 

Suppose that / and g are homogeneous, say of degree m and n respec- 
tively Similar to the case of the X m ^ n of the previous section, the G m -action 
A • (x, y) = (Ax, Ay) on A 2 lifts to a free G m -action on Xf >g defined by 

A • (x, y, u, v) = (Ax, Ay, X~ m u, \~ n v) 

which is compatible with the structural map ttj^ : X^ g — ► A 2 . It follows 
that TTf >g descends to an A^-bundle pf >9 : X^ g /G m — ► A 2 /G m ~ P 1 . The 
latter is an O-pi (— n — m)-torsor which can be described more explicitly as 
follows. Recall that for every pair of integers m,n > 1 , the quotient of 
A 2 x A 2 by the free G^-action given by 

(A,//) • (x,y,u,v) = (Ax, Xy,fiX~ n u,fi\~ m v) 
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is the surface scroll 

7T : F (m, n) = P (O f x (m) © O p i (n)) -► P 1 , 

with structural morphism it induced by the G^-invariant morphism x 
^2 _^ pi^ !_> [ x : y]_ Clearly, is contained in the complement 

of the G^-invariant closed subset D of A^ x A^ with equation fv — gu = 0. 
Furthermore, X^ g is invariant under the action of the first factor of G^ and 
is a slice for the action of the second factor of G^ of A^ x A 2 \ D. Thus the 
quotient map restricts to a G m = G m x {l}-bundle 

p : X f>g -> X f JG m x {1} ~ (A* x Al \ D) /G 2 m = F (m, n) \ A /)fl . 

over the complement of the image Ay ;g of D in ¥(m — n). 

The self-intersection of the curve Aj jff , which is a section of it, can de- 
termined as follows. The images by the quotient map of the G^-invariant 
subsets {v = 0} and {u = 0} define two sections C v and C u of it such that 
C v -C u = 0. Letting L be a fiber of it, the divisors ml + C v and nL + C u are 
linearly equivalent since they differ by the divisor of the rational function 
h = fv/gu on F(m,n). Since A/ !fl belongs to the complete linear system 
generated by these divisors, we conclude that 

A 2 f g = (mL + C v ) ■ (nL + C u )=m + n. 

The above description implies that Xf tg /G m is isomorphic to the com- 
plement of a section with self-intersection m + n in F (m,n) ~ F| m _ ra |, and 
so, the P 1 -bundle F| m _ ra | — > P 1 restricts to an O f i (— m — n)-torsor 

Pf>g : X f JG m -» A^/G m ~ P 1 . 

Combined with the results of the previous section, this the leads to the 
following 

Proposition 2. i/ie notation above, Xf >g is isomorphic to X m ^ n . 

Proof. Recall that X m ^ n has the structure of a G m -bundle over an 
affine surface Sd,m obtained as the complement of certain section A mjn with 
self-intersection m + n in Fi m _ n i. By virtue of Gizatullin's classification [T| . 
P|m— ra| \ ^f,g — P|m— n| \ ^m,n = s d . m as abstract affine surfaces. It follows 
that Z = X m<n xg dm Xf^g is a G m -bundle over both X m ^ n and via the 
first and the second projection respectively. Since the Picard groups of X m<n 
and Xf >g are both trivial, these G m -bundles are actually trivial, which yields 
an isomorphism X m ^ n x Aj ~ Xt g x K\ as affine varieties. Since X m ^ n and 
Xf g are both irreducible and have no invertible functions except nonzero 
constants, the latter descends to an isomorphism X m ^ n ~ Xf >g . □ 
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